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A Vortex Wake Model for Optimum Heavily Loaded
Ducted Fans

Rosix B. Gray* anD TErrY WRiGHTT
Georgia Institute of Technology, Atlanta, Ga.

Like the free propeller in axial flight, a single-rotation ducted fan of highest induced ef-
ficiency is characterized by an ultimate wake vortex system shed from the blade trailing edges
whose apparent motion is that of rigid helical surfaces. In addition and concentric with this
inner sheet, there is a cylindrical surface of helical vortex filaments shed from the duct trail-
ing edge. For zero hub diameter, and neglecting compressibility, viscosity, and tip clearance,
a consistent mathematical model of the constant-diameter vortex wake is developed and the
compatibility relationships to be satisfied are presented. Using the Biot-Savart equation, the
vortex strength distribution in the wake may be determined by numerical methods and then
related to the blade bound vortex strength. Some preliminary results of the analysis are pre-
sented for the lightly loaded case for comparison with existing methods.

Nomenclature

A coefficient, A; = cos (¢ — ¢r,)
A = coefficient, A; = sin (¢ — o)
number of blades

|

[l

K(x) nondimensional blade bound vortex distribution,
Eq. (25)

M = number of filaments replacing vortex sheet

P = distance from vortex element to control point

¥,z = cylindrical coordinates

' W'z’ = cylindrical coordinates defining location of vortex
filament

r&,¢ = helical coordinates

R = blade tip radius

s’ = distance measured along vortex filament

ds’ = elemental length of vortex filament

u = disturbance velocity component in direction of sub-
seript

Ugo = disturbance velocity component down wake axis

v; = total disturbance velocity

Ve = axial flight velocity

w = gapparent axial displacement velocity of blade trail-

ing vortex sheets
wg = apparent axial displacement velocity of boundary
sheet at line of intersection with inner sheets

W = nondimensional displacement velocity, w/QR

x = nondimensional blade radius

,Y,2 = Cartesian coordinates

2’ = distance between the z = 0 plane and the point where
the filament intersects the zz plane _

8 = angle between the normal to the vectors ds’ and P
measured in the plane determined by ds’ and P

b% = vortex filament strength

y(ts) = strength of boundary sheet at its line of intersection
with inner sheets

r(z) = blade bound vortex distribution

A = tangent of helical pitch angle of inner filaments

B = tangent of helical pitch angle of boundary filaments
at their line of intersection with inner sheets

@ = pitch angle of inner filaments

vB = pitch angle of boundary filaments at their line of
intersection with inner sheets

Orp = dummy helical pitch angle related to ¢z
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oR = pitch angle of outermost filament of inner sheets

Q = blade rotational velocity

Subscripts

B = line of intersection of inner helical sheets with

boundary sheet
vortex filament
outermost filament of helical inner sheets

m
R

([

Introduction

T has been shown by Betz! that an isolated propeller in
axial flight having the highest possible induced efficiency
generates an ultimate wake vortex system which moves
through the fluid medium as if the vortex sheets of the wake
were rigid helical surfaces of constant pitch. Determination
of the required radial distribution of the vortex sheet strength
assoclated with this motion is relatively straightforward and
has been done by Goldstein? and Theodorsen.?

For the optimum ducted fan in axial flight, the same con-
siderations and arguments hold concerning the geometry and
motion of the helical vortex sheets which are shed from the
blade trailing edges. The geometric pitch of each filament
of these sheets must be constant and the sheets must appear
to move as rigid serew surfaces. There is, however, the
additional constraint that the Kutta condition must be satis-
fied at the duct trailing edge. Thus, if the flow at the duct
trailing edge is to be tangent to the mean camber surface, a
sheet of vorticity must be shed from the duct trailing edge
forming a boundary sheet of helical vortex filaments enclosing
the screw-like sheets shed from the blades. If the wake has
reached its ultimate configuration at the duct trailing edge
then the boundary vortex sheet is composed of filaments
wrapped on a right cireular eylinder. For the lightly loaded
ducted fan, the geometric pitch of both systems is the same
and this case has been solved by Tachmindji,* Theodorsen,?
and Gray.>" For the heavily loaded case, the inner vortex
sheets must move at a different rate from that of the boundary
sheet. It is the description of this relative motion and the
development of the necessary compatibility relationships
that form the major part of this paper. The actual design
data and the performance equations will be presented in a
subsequent paper.

In recent years, Morgan ® Ordway, Sluyter, and Sonnerup,®
Chaplin,® and others have published papers in the field of
ducted fans with primary emphasis on the shroud design.
The results of the analysis of this paper will complement
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Fig. 1 Conceptual diagram of the continuation of the
blade bound vortex onto the duct mean camber surface
and subsequent shedding at the duct trailing edge.

these papers by providing a blade bound vortex strength
distribution for the heavily loaded fan.

The effects of hub diameter, compressibility, viscosity,
and tip clearance are neglected in the analysis. The results
will therefore give an upper limit on the performance of
single-rotation fans without stator vanes for comparison with
other design methods. The effect of compressibility on the
wake analysis should be small as long as the disturbance
velocity Mach number is below approximately 0.3. The
amount of tip clearance and the interaction of the tip with
the shroud boundary layer will have an effect on the pre-
dicted performance. Tip clearance has been accounted for in
several papers®®9 for the lightly loaded case. At present, a
satisfactory model for the heavily loaded propeller with tip
clearance has not been devised.

Model of Wake Vortex System

The argument concerning the geometry and motion of the
ultimate wake vortex system of an optimum single-rotation
ducted fan is essentially the same as that presented by Theo-
dorsen? for the free propeller. Thus, in Ref. 6, it is shown
that the optimum condition is obtained for the ducted fan
when the helical vortex sheets shed from the blades appear to
move as rigid screw surfaces in the ultimate wake. This 1y
identical with the requircment of the free propeller. The
principal difference between the two arguments is that for the
heavily loaded ducted fan case, the disturbance velocity vec-
tor is not normal to the vortex sheet surface. No other in-
formation is obtained about the geometry and other relation-
ships must be developed in order to assure a compatible vor-
tex model.

Additional information may be obtained through a con-
sideration of the flowfields associated with the vortex systems.
The blade trailing vortex system has large radial velocity
components associated with it and, with respect to a reference
system fixed in the duct, this flow is periodie. If the duct
mean camber swrface is to correspond to a streamline, a dis-
tribution of vorticity must be placed along this surface to
cancel all normal velocity components. Part of this distribu-
tion must also be periodie in nature and must be a function of
the number of blades in the propeller or fan. That is, it must
rotate with the blades. A portion of this periodic distribution
is considered to be a continuation of each blade bound vortex
which passes directly from the blade tip onto the duct contour
where it spreads out over the duct mean camber surface.
Then in aceordance with the Helmoltz theorems, it moves aft
along the mean camber surface and is shed at the duct trailing
edge as free helical vortex filaments of varying density wrapped
on a cylindrical surface. While these filaments are within
the contour it is assumed that they make all of the necessary
adjustments in phase relationship with the blade trailing vor-
tex system so that the motion of this wake boundary system is
along the tangent to the mean camber surface at the trailing
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Fig. 2 Helical coor-
dinate system. .

edge of the shroud as shown in Fig. 1. This in effect satisfies
the Kutta condition. The remaining portion of the periodic
duct vortex distribution is considered to be bound to the duct
and to rotate with the blades. It does not contribute to the
wake vortex system. It is also assumed that the duct is de-
signed so that there is no contraction or expansion of the wake
downstream of the fan. This is a feasible design problem?®
and guarantees that the duct is compatible with the wake
geometry of the analysis.

Wakes having an initial expansion or contraction!® may be
considered if it 1s assumed that a given vortex filament re-
mains at the same nondimensional radial position as it pro-
gresses down the wake. This complicates the analysis as
continuity and a force-free vortex wake must be maintained
while physical limitations such as flow separations must be
avoided. Design of the fan blades also depends upon the
geometry of the expanding or contracting wake and proceed-
ing from the ultimate wake to the blade position for design
purposes becomes more involved.  The integrity of the rigid
ultimate wake vortex system nmust also be undisturbed by the
initial distortions. Therefore, even though an expanding
wake may yield a higher figure of merit, the additional com-
plexities introduced become more difficult to handle. Thus,
the term optimum as used in this paper refers to a fan or pro-
peller of highest induced efficiency for the assumed wake
geometry. Profile drag losses and tip effects will reduce the
efficiency and the final result will depend upon the experience
of the designer in keeping these effects to a near minimum.

Consider a helical coordinate system r, £, { defined in terms
of the cylindrical coordinates », ¥, z as shown in Fig. 2, so that
at a given instant an inner helical vortex sheet in the
ultimate wake coincides with the ¢ = 0 surface. Then

r=rp, 0<r< o (1)
E =1V ceose + zsing, —o <§< o (2)
. (V. 4+ w) cose
= — s 2 CoN - " <
¢ ¥ sing + z coseg, (/2 < ¢ KL
Ve £ ) cose )
2b(Q/2r) )

The uniform apparent motion of the inner sheets requires
helical symmetry of the boundary vortex sheet strength dis-
tribution with respect to the intersection of the inner sheets
with the boundary sheets for zero radial velocities at the inner
sheets. Therefore the disturbance velocity vector will be
constant along helical lines 7 = const, { = const both inside
and outside the ultimate wake. Consider the line integral of
the velocity along the path ABCDA within the wake as shown
in Fig. 3. The velocity diagram with respect to the rotating
blades is showing in Fig. 4. Along BC, u; is constant since r

and ¢ are constant.  AB and CD are radial lines intersecting

Fig. 3 Ultimate wake

system showing the

paths along which the

line integrals are eval-
uated.
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Fig. 4 Velocity dia-
gram with respeet to
the rotating blades
at an inner helical vor-
tex filament of the
ultimate wake.

the same helical coordinate lines and DA coincides with the
wake axis. The path so described lies on the surface of a
helical vortex sheet. No vorticity is enclosed by this path so
that the line integral must be zero. Thus,

fAB w.dr + fBC ug d& + fCD udr + fnl ug df =

Since
T e = )+ g e — ) =
or
Vet Votw _
u {T b o5 e “”’"9} T pg/em T

so that from Fig. 4 u; = ug sine.

A similar line integral along the path EFGHE establishes
the same result outblde of the ultimate wake. Further, since
for the helical coordinate ¢

tan ¢ = (/r) taney (4)

¢ approaches zero as r approaches infinity so that 4 becomes
zero as r becomes infinite.

These results are subject to the additional condition that
the line integral of the velocity along a path enclosing the wake
must be zero to obtain a single-valued solution outside of the
wake. The line integral is taken along the path ABCA in

Fig. 5 where u; is constant along ABC so that
4
fC u; dz + 2w Rug, tan ¢ = 0

The integral is then taken along ACDEA. Subject to helical
symmetry, the induced velocity is zero along the radial lines
CD and EA. If DE is allowed to approach infinity then w.
along DE is zero. Since no vorticity is enclosed by the path,

4 d
fc U dz =0

Therefore, the line integral along the closed path ABCA is
zero for a helically symmetrical system having all filaments at
the saine geometric pitch only if ug, = 0. That is, for an ulti-
mate wake vortex system in which no relative axial motion
occurs between the inner and outer systems, ug, must be zero
in order to obtain a solution for which the flow outside of the
wake is irrotational. This is the lightly loaded case con-
sidered in Refs. 6 and 7 for which the disturbance velocity is
normal to the inner sheets.

For the heavily loaded system for which wg, is not zero, a
geometry and motion must be established which will maintain

Fig. 5 Ultimate wake

vortex system showing

paths along which the

line integrals are eval-
uated.
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the helical symmetry of vortex strength distribution on the
boundary, will permit the boundary sheet filaments of the
ultimate wake to have an axial motion relative to the inner
sheets, and will result in no disturbance velocities outside of
the constant diameter wake. The first stipulation guarantees
that there will be no radial disturbance velocities at the inner
filaments due to the boundary filaments. The second is a
consequence of the heavily loaded condition. The third is
the necessary requirement for irrotational flow outside of the
wake as shown in the following discussion.

Any flowfield associated with a system of vortex filaments
satisfies continuity everywhere and is irrotational everywhere
except at the filaments themselves. According to Helm-
holtz’ second theorem, the summation of the shed vorticity
must be zero. Hence the line integral of the disturbance
velocities along any path enclosing the wake and any closed
path outside of the wake must be zero. Considering the line
integral of the velocities along the closed path ABCDEA in
Fig. 5, the line integral of ¢ along ABC must be zero since u,
is zero along CD and EA and u. is zero along DE. Because of
the helical symmetry, the direction of ug cannot change with
respect to the direction of integration so that ug must also be
zero. By fixing the path CDEA, moving the helical line ABC
axially to points designated A’, B’, C’, and closing the path by
axial line segments AA’, C’C which have equal but opposite
u, contributions, it may be easily shown that ug must be zero
everywhere outside the wake.

If it is assumed that u, and w. are not zero everywhere out-
side of the wake, then in order for the line integral of u. along
AC to be zero, u. must change direction with respeet to this
path and flow cells exist in the external flow. Vortex flows
satisfy continuity everywhere so that it is possible to construct
the streamlines in these cells.  These streamlines can only be
closed and the line integral of the veloeity along any one of
these streamlines within the cell will be different from zero.
Henee the flow is rotational in these regions, which violates
Helmholtz’ third theorem. The conclusion is that for the
constant diameter wake, the only possible irrotational flow
satisfying continuity in the external region is one in which all
of the disturbance velocities are zero. Thus, when the
boundary conditions on the wake are satisfied by the proper
vortex strength distributions, the velocities outside the wake
are automatically zero.

In cases where the velocity fields associated with the vortex
sheets of the ultimate wake can be obtained by explicit in-
tegration of the Biot-Savart relation, the result is the same:
that is, all induced velocities are zero outside of the wake.
Examples of such a case are ducted propellers with an in-
finite number of blades having either a constant blade circula-
tion or an optimum heavily loaded blade eirculation.

On the inner sheets, the condition of ug still applies and, for
rigid motion of the inner sheet, ur must be proportional to

a) Boundary sheet of

uniform strength

and constant helix
pitch angle ¢p

b) Boundary sheet

of varying strength

and constant helix
pitch angle oz

¢) Result of super-
position of the two
boundary sheets

Fig. 6 Concept of ultimate wake vortex system.
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cosg. That is, from the previous results and the velocity
diagram of Fig. 4

Ug = Ug SiRe (5)
and

U = W COSe (6)

For the last outboard filament of each inner sheet in the
ultimate wake (at r = R) ug, = ug Singg, urp, = W cos¢g.
The filaments in the boundary sheet that are adjacent to this
last outboard filament must have a velocity normal to their
helical coordinate of

Ues = L(ug? sin*or + w? cos?ey)V? @

and the boundary sheet strength at this point in the ultimate
wake must be

Y(¢r) = (ug? sin’er + w? coseg)V? 8)

in order to limit the disturbance velocities to the inside of the
wake and to assure irrotationality outside of the wake.
These two relationships are obtained directly from the condi-
tions that the disturbance velocities are zero outside of the
wake, that the strength of a vortex sheet is equal to the dis-
continuity in the veloeity components as the sheet is erossed,
and that the motion of the sheet along the line of discon-
tinuity is equal to the mean value of the velocity on either
side.

Therefore, the helical boundary vortex filaments must all
cross the lines of intersection between the inner serew surfaces
and the boundary sheet at a constant angle ¢z not equal to
¢r. This angle may be determined from the flight speed, the
blade rotational velocity, and the total disturbance velocity
of Eq. (7). The boundary sheet strength must also be con-
stant along the lines of intersection and equal to the result of
Eq. (8). Thus, when relative motion exists between the inner
sheets and the boundary filaments, the two vortex systems
are related through Egs. (7) and (8) but only along the lines of
intersection. On the wake boundary between the helical
lines of intersection, the filament density or sheet strength
and the filament pitch angle must vary with the helical co-
ordinate {.

The boundary vortex sheet primarily serves three purposes.
First, it must cancel the radial velocity field associated with
the rigid inner screw surfaces at the boundary. Second, it
must accommodate the discontinuity in velocity as the
boundary is crossed. Third, it must not disturb the apparent
rigid motion of the inner sheet, i.e., it must not induce radial
velocities at the inner sheet. The first and second conditions
are satisfied by the sheet strength distribution and the fila-
ment geometry, both as yet unknown. The third condition
may be automatically satisfied by a strength distribution and
geometry that are symmetrical about the lines of intersection
as noted before.

Having to solve for both the strength distribution and the
geometry presents additional difficulties which may be
eliminated by replacing the boundary sheet by two simpler
systems whose combined effect does not change the inner
flowfield. The first of these is a uniform sheet of helical
vortex filaments having constant density v ({s) and constant
helix pitch angle ¢ as shown in Fig. 6a. The second is a
cylindrical sheet of helical filaments of varying and unknown
strength but having the constant and known helix pitch
angle ¢ as shown in Fig. 6b. The first sheet satisfies the re-
quired conditions along the lines of intersection as previously
discussed. The second sheet has zero strength at the lines of
intersection, has a symmetrical strength distribution about
these lines and the midpoint between the lines of intersection,
and cancels the radial velocities at the boundaries. Super-
position of the two sheets as shown in Fig. 6¢ must maintain
the apparent rigid motion of the inner screw surface. This is
the condition that will be placed on the solution.
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Fig.7 Velocity dia-
gram with respect to
the rotating blades
of the outermost
filament of the inner
vortex sheet and at
the adjacent point
of the bouundary
sheet in the ulti- &=
mate wake.
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It should be noted that, to an observer fixed on an inner
helical sheet, the boundary vortex sheet (consisting of the
superposition of the two simpler sheets) appears in terms of
the local strength distribution to be fixed relative to the inner
sheet. Although the boundary sheet is actually slipping up-
ward relative to the inner sheets, the observer sees the same
local vortex strength at a given point on the boundary at any
instant of time, but the identity of the filaments at the point
is constantly changing.

Now consider the geometry and motion of the uniform sheet
relative to the last outboard filament of an adjacent inner
helical vortex sheet. The velocity diagram with respect to
the rotating blades as shown in Fig. 7 illustrates the relation-
ship between the velocities associated with the two systems
according to the compatibility conditions previously ex-
pressed. Thus, from Fig. 7,

A = tanegr = (Vo + w)/QR )]
Ap = tanep = (Vo + ws)/QR (10)

where
wa = %(ug? sinter + w? cos?eor)V/? secos (11)

From this same figure,
ug, Sigr/w coser = tan(or — ¢z) (12)

Combining Eqs. (11) and (12) to eliminate wg and substitut-
ing for the trigonometric functions of Eqgs. (9) and (10) yields

Ap = N — @{l — [E(1 4+ \2)/(1 + M)}

where @ = w/QR. This result shows that, for any choice of A
and @, Ap can be determined uniquely. It should be noted
that for vanishingly small values of 6, Az approaches A, which
is in agreement with the lightly loaded case. Further, there
would seem to be no simple redefinition of A\ which would re-
duce the solutions to a single case for all values of @w. This is
in agreement with the earlier analysis of Ref. 6.

Solving this last expression for the tangent of the helix
piteh angle of the boundary filaments at the line of intersec-

tion yields
)\2 _{,_ 1 2 1/2 .
- LY )

Since ¢z = tan~!Ag, the value of v({5) is known according to

A4 1

M= A= o

Y({r) = w coser sec(er — @) (14)

The compatibility condition at the boundary automatically
assures a continuous static pressure variation throughout the
flow in the ultimate wake. This may be seen from Fig. 7 in
which the veloecity magnitude is the same both immediately
inside and outside of the wake boundary. Note that the re-
sultant velocity diagram having v; as its base is geometrically
an isosceles triangle. Thus, the steady Bernouli’s equation
may be written in the rotating system and the static pressure
is the same inside and outside the boundary and is identically
equal to the freestream static pressure. Therefore, the
vortex wake 1s a force-free system.

The ultimate wake vortex system of the heavily loaded
ducted fan is thus defined in terms of the inner helical sheets
of Fig. 5 (one for each blade), a vortex sheet of uniform
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strength v ({'5) and constant filament pitch angle ¢ lying on
the cylindrical wake boundary as shown in Fig. 6a, and a sheet
of varying strength but constant filament pitch angle ¢z also
lying on the cylindrical wake boundary as in Fig. 6b. For a
given b, A, and 0, the geometry and motion of the system are
determined along with the strength of the uniform boundary
sheet. The solution for the strength distribution of the inner
helical sheets, and thus for the blade bound vortex strength,
proceeds directly from the numerical integration of the Biot-
Savart equation for the velocity at certain control points that
is associated with each vortex filament in the wake.

Analysis

From the discussion of the preceding section, the geometry
and motion of the ultimate wake vortex system of infinite
length are known. The problem is now to find the distribu-~
tion of vorticity in the wake which will satisfly the boundary
conditions implied by this geometry and motion. In this
analysis, the Biot-Savart equation supplies the required rela-
tionship between the geometry, motion, and vortex sheet
strengths. Thus, for an elemental length of an arbitrary
vortex filament,

dv, = v cosBds’/4nwP? (15)

The integral relations for the velocity components in
Cartesian coordinates are given by Lamb.'! However, the
boundary conditions are more conveniently expressed in terms
of the velocity components along and perpendicular to the
vortex filaments. These helical components are obtained
from the Cartesian components as follows:

Ur = Up COSY + u, s

(uy cos¥ — u, sin¥) cose + u, sing

i

Ug
Up = U, cosg — (Uy cos¥Y — u, sin¥) sing

Then replacing the vortex sheet by a number of finite
strength vortex filaments, and employing the helical relation,
r tang = 7’ tane’ = R tangg, the elemental velocity com-
ponents associated with one filament become

Au, v L, ,
w = drkw J o {7 tangg sin(¥ ) +
S = ’ ’ v’
7z — 2 — ¥ tangg] cos(¥' — ¥)} ps (16)
Aug _ ycose (o [ T
w  4nRw J-- | tanew i + 7
+
2 cos(¥' — \I/)> + [z — 7" — ¥’ taneg! sin(¥’ — \I/)} B
(17)
Aug _ ycose (= {7’2 — 7' cos(W' — ) — tan?pg[l —
w 47Rw J - =
_y =t
Zn; cos(W' — ¥)] — 7;; sin(¥’' — ) tangg(z — 3/ —
F
dW/
V' taner } B (18)
where

P2 = 4 72 — 25 cos(W — W) + [z — 5" — ¥/ taneg]?
¢ = tan"[(1/7) taner]

and 7, 7, 2, %" are nondimensionalized by R.
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The boundary conditions to be satisfied by the system are as
follows:

on the inner sheet:

)y <é“£> ~ cosg (19)
> <—A;‘—’> =0 20)

on the eylindrical boundary:

> (A“> =0 1)

w

The uniform boundary sheet induces velocities only in its &
and { directions. The nonuniform boundary sheet has sym-
metrical strength distributions above and below its line of in-
tersection with the inner sheets so that it induces no radial
velocities at the inner sheet. Examination of the integrand
of Eq. (16) reveals that no radial velocities are induced on the
inner sheet by the sheet itself. Thus, Eq. (20) is satisfied
identically. The condition on the cylindrical boundary, Eq.
(21), involves only the inner sheets and the nonuniform
boundary sheet. The condition given by Eq. (19) on the
inner sheet involves all three vortex sheets. An additional
constraint necessary to obtain a unique solution is that the
sum of the strengths of all of the vortex filaments comprising
the system be zero.

-The boundary conditions now become

on the imner sheet:

T2 ez @) erT ()
(22)

on the eylindrical boundary:

> <g) +3 <g> _ (23)

and

% (i) * 3 (irtiw) + 3 (i) =0 0

where

2 is over the filaments of the inner sheets,
2 is over the filaments of the uniform boundary sheet,

b is over the filaments of the nonuniform boundary
sheet;

Al = OOS(‘P - 9073)7 Ay = Sin(‘ro - (prB):
tang = (1/7) tanesx, tane,, = (1/7) tanes.

Preliminary Results

The integrations required to generate the velocity compo-
nent contributions of a helical vortex filament have been pro-
gramed for the digital computer. Initial calculations have
been made for the limiting case of a single turn of the helix at
zero helix pitch angle for comparison to ring vortex results.
This comparison was satisfactory and the calculations were
then extended to obtain the velocity contributions of a full
helical vortex filament which is the basic element of the vortex
system to be considered. Provision was made for an internal
determination of the angular interval of numerical integration
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required for a specified degree of accuracy and for the permis-
sible truncation of the infinite length of the filament.

Free Propeller

Tollowing these initial efforts, the various velocity-com-
ponent calculation procedures were combined into a single
program including a procedure for the solution of a system of
linear algebraic equations. This program was set up to gen-
erate the velocity component coefficients in terms of unknown
vortex filament strengths for control points along a radius of
the helical inner sheet in the ultimate wake. The sheet was
divided into M strips of equal width and the strips were re-
placed by filaments of finite but unknown strength lying
along the centerline of each strip. (M - 1) control points
were placed midway between adjacent filaments.  The normal
component of the disturbance velocity of each control point
of the sheet for each filament was then calculated, summed,
and set equal to the required normal velocity at each point as
given by Eq. (19). The result was an (M — 1) by M system
of linear equations in A/ unknowns with the #th equation
provided by the zero net vorticity requirement of Eq. (24).

The ealculations were performed and the system was solved
successively for M = 4, 6, 8, 10, 12, and 18 filaments with
X = Zand b = 2. The results were compared with those of
Goldstein? in order to determine the degree of error associated
with the approximation of a vortex sheet by a finite number of
filaments and to determine the effect ¢f the numerical inte-
gratjon parameters on the aceuracy of the solution. These re-
sults indicated that for ten filaments, the difference incurred
was ahout 29%. Larger numbers of filaments reduced this
difference rather slowly and the improvement does not scem
to justify the larger computation time involved.  Variation of
the numerical integration intervals showed that adequate
smoothness and accuracy of the solution were obtained when
the angular segment was of the order of two degrees and the
contribution of the final turn of the helical filament to the
velocity coefficient was of the order of 2%.

Lightly Loaded Ducted Fan

The system for the solution of the heavily loaded ducted
fun, as outlined earlier, was then set up in a form which would
permit the solution of the limit case of a vanishing loading.
Utilizing the results of the free propeller study, the system
was solved for ten filaments on the helical inner sheets and for
eight filaments on the nonuniform boundary sheet. It was
necessary at this point to resort to a Fourier series repre-
sentation for the sheet strength distribution in order to assure
the required symmetry on the boundary and to force the non-
uniform sheet strength to be zero at the lines of intersection
with the helical inner sheets.

Solutions were generated for comparison with the electro-
potential analogy results of Ref. 6. The results of A = 1.356
and b = 2 are shown in Fig. 8. K{z) is the nondimensional

blade bound vortex strength distribution defined as
K(z) = bT'(z)/2w Rw)\ (25)

where z is the nondimensional radius and T'(z) is the sum of the
filament strengths shed inboard of z.  The same comparison
for a four-bladed propeller is shown in Fig. 9. In both cases
the comparison is considered to be good.

Solutions were also generated for comparison with the theo-
retical results of Tachmindji* who used the velocity potential
approach. The comparison was again considered to be good.

In addition, the system was caleulated and solved for dif-
ferent nunbers of blades (from 2-24) in order to observe the
rate of convergence to the explicit solution for the lightly
loaded ducted propeller with an infinite number of blades as
given by Theodorsen.® The results are shown in Fig. 10 for
the blade bound vortex strength distribution. Although
there are no other data for comparison purposes, the results
appear to be reasonable.

Concluding Remarks

On the basis of these results and comparisons, it appears
that the numerical procedures employed for replacing the

0.49 - —_
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3
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— — — DIGITAL COMPYTER
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0.30
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Fig. 10 A comparison of the blade bound vortex strength

distribution function for a lightly loaded ducted propeller

for successive numbers of blades (digital computer solu-
tion) with the infinite blade solution (exact).
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vortex system of a ducted fan with a number of finite strength
vortex filaments are satisfactory. Therefore, the light-load-
ing restriction has been removed and investigation of the
heavily loaded system has begun. The design data and per-
formance equation will appear in a later paper.
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